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Abstract: The formula for the average stored energy in mutuhlctors under AC excitation
is derived in two different ways.

First Method:

Firstly, we compute the instantaneous power of tauaiunductor. Instantaneous power of a
component is equal to:

p() = i(t).v(t)

For mutual inductor:

Iy q i
—>— M |—<—L2
+ ) |} «—>'0 +
"7L1 1 — ,—~ L2 ‘7L2
¥4 o

p(t) = i(t).v(t)

p(t) = i1(0D).v1(0) + (D). v,(V)

p©0 = GO w0 ()

v O\ (L, M / dil(t)/dt\
(Uz(t)> - (M Lz) 'kdiz(t)/dt)

By mutual inductance equation:
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p(t) becomes:

dil(t)/dt

PO = GO &@). (5
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dt
p(t) - (ll(t)'Ll + M. iz (t) ll(t).M + lz(t).Lz) . diz (t)/
dt /
. di; (t) . di(t) . di(t) . di,(t)
p(t) =i, (t). L. T + M.i,(t). Tt + i;(t). M. Tt + i,(t). L,. Tt
The terms that include M can be arranged as
. di;(t) . di(t) d(i(8). (1))
M.i,(t). Tt + i;(t). M. T M.T
(Multiplication rule of the derivative)
Thereforep(t) becomes:
. diy (t) d(iy(t).i,(t) | . di,(t)

From this equation total energy can be computetiegrating the instantaneous power from
-o0 t0 an arbitrary time t.
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_ N g [, di(®) d(i,(t)- L)) . ., , dia)
E(t) = fP(t ).dt' = f(ll(t ).L,. I + M. I +i,(t )-LZ-T)-dt
dt' terms cancel inside the integration:
t t t
E(t) = f il(t’)'Ll' dll(t’) + f iz(t’).Lz. diz (t,) + fM. d(il(t’). lz(t’))

At -0, i (t) andi,(t) are equal to zero. Therefat€t) becomes:
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Assumei (t) = I;.cos(wt + 6;)

i,(t) = I,.cos(wt + 6;)

T
1
+ Tf M. 1. 1,.cos(wt + 6;) .cos(wt + 6,) .dt
0

The terms in square root are equal to the RMS sgadfiehe inductor branch currents. For the
third integral, we can convert multiplication ofdwosines into addition of two cosines by the
following formula:

1
cos(a).cos(b) = > (cos(a + b) + cos(a — b))
The average stored energy becomes:
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= ?1'112,RMS + ?Z.IZZ'RMS + 2 17_' 2 . f(COS(Za)t + 81 + 82) + COS(Ql - 92)).dt
0

Integration ofcos(2wt + 6; + 6,) over the whole period is zero because cosingeriadic
function. The only remaining term ¢ss(6; — 6,).
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In the end result we can see that the average estged in the mutual inductor at the AC
steady state depends only on the RMS values afutrents and the cosine of the relative
phase between the currents. If the phase diffensnegual to zero then the relation simply
drops to:

Ly L, ,
E = 7'11,RMS + E'IZ,RMS + M. Il,RMS' IZ,RMS

Second M ethod:

By computing the complex power of the system:
S=P+jQ
Since,Qmutual inductor = 2- - Eavg

By finding the Q in the complex power, we can eually solve for the average energy stored
in the mutual inductor.

For any component power can be written as:
] 1
S=P+jQ=5.I"V

in phasor domain. (note thdtandl are voltage and current phasors, respectivelystard*)
indicates the conjugate of the current)

From the mutual inductor equation:
P4jQ=o.(I I').) (Ll M) (11)
]Q—Z. 1 2) J.w-\ y L,) \L
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1
P+jQ = E.j.w. (L.I' ) Ly +M. I L+ L. M+ 1,.1°5.Ly)
L.I" = |11| 2
L.I"; = |Iz| z
L.I"; = L. |1,]. e/ 1792

L.1*y = L] |1;]. e/ %2760



By inserting these values we obtain:
. 1. 2 i(6,-6,) (6,-6 2
P+jQ= E.].a).(|11| Ly + ML |L). /9179 + M. |1 |I,]. /279D + |1,| 2. L,)

The terms that have M can be arranged as:

M. |11 |1,]. (e791762) 4 o1 (62=62))

Sum of the exponential terms is equal to:

(e/01=62) 4 ¢=J(61=02)) = 2 cos(8, — 6,)

By combining these values:
; 1 ; 2 2

As we can see, the right hand side does not haeal aomponent. Therefore, P is equal to
zero.

1
jQ = E'j'w'(llll Z.Ll + Z.M. |11|. |12|'COS(81 - 82) + |12| Z.Lz)
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By distributing one of the %2 coefficients inside tquation, we obtain RMS values for each
current component. Then,

Q

1
w2 ( 11,RM52- Ly 4+ 2.M.I; pys. Iz ris- €05(61 — 63) + I s 2. Ly)

From, Qmmutual inductor = 2. . Eavg

Q 1
Eqvg = w2 ( 11,RM52-L1 + I rus % Ly + 2. M. 1y gys. I pus- cos (01 — 6,))

Hence we obtained the same result with the firdhote
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